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ALMOST EVERYWHERE SUMMABILITY OF 
FOURIER SERIES WITH INDICATING THE SET OF 

CONVERGENCE 

R. M. TRIGUB 


Abstract. The following problem is studied in this paper: Which 
multipliers {Afc,™} ensure the convergence, as n —> c», of the linear 
means of the Fourier series of functions / S Li[—7r,7r] 

OO 

k— — oo 

where fk is the A:-th Fourier coefficient, at a point at which the 
derivative of the function / exists. A criterion for the conver¬ 
gence of the (C, l)-means (Ak,n = (1 — ;]^)+) is found, while in 
the general case Ak,n = </>(:;^) a sufficient condition is derived for 
the convergence at all such points (that is, almost everywhere). 
The answer is given in terms of the belonging of (/)(x) and x(j)'{x) 
to the Wiener algebra of absolutely convergent Fourier integrals. 
The obtained results are supplemented by some examples. 


1. Bbe/],ehhe 


®ypt>e 27r-nepHO,ri;HHecKOH cjDyHKpHH / G Li(T),T = [—7r,7r], 

6y^eM sanncbiBaTb b bh^b 


OO 

/ ~ fkCk, Ck = fk 

k=—oo 


1 





Kax H3BeCTHO, OH MOJKBT paCXO^HTBCH BCIO^y (A.H. KojIMOropOB 

[1]), Tor^a KaK pa^ ®ypbe jik)6oh cJiyHKpHH / G Lp(T), p G 
(Ij-l-cxo), cxo^HTCH noHTH Bciofly (JI. KapjiecoH, P. XaHT; cm. [2]). 
CpaBHHTejiBHo He^aBHo HOJiyHeHbi cymecTBeHHBie ycHjieHHH othx 
peayjiBTaTOB b hx cGjihjkbhhh (cm. [3], [4]). 
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C ^pyroH CTopoHL.1, yxce ^aBHo HaynaioT cxo^hmoctb npn n —)■ cx) 
JIHHefiHblX Cpe^HHX pH^OB OypBB BH^a 

OO 

An(/;x)~ Xkjkc^’^^ (1) 

k=—oo 


B saBHCHMocTH OT MHOJKHTejiefi Xk,n (cM. Hanp., [5] T. I, BJI. Ill, [ 6 ]). 

3 tO CBepTKH (JiyHKRHH / C H^^paMH Kn'. 


K{f;x) 



t)Kn(t)dt, 


K^{t)r^J2Xk,ne^’^K 


S^eCB BaJKHBI BOnpOCBI O CXOflHMOCTH K / HO HOpMe ivi(T) H O 
noTOHeHHOH cxo;];hmocth hobth Bcio;];y. 

B cjiynae Xk^n = r^e 0 - orpaHKHennaH h nenpepBiBHan 

nOHTH BCIO^y Ha M cJiyHKRHH, H CXO^HMOCTH no HOpMe i^l(T) 
(hjih C'(T)) HMeexcH cjie^yiomHH KpHxepHH, x.e., neoGxo^HMoe h 
flocxaxoHHoe ycjioBHe o^HCBpeMenno; (JiyHKRHH 0 (nocjie HcnpaBjienHH 
no HenpepniBHOcxn) nBjinexcn npeo6pa30BaHHeM Oypne Konennon na 
R K0MnjieKCH03HanH0H 6opejieBCKOH Mepni n 0(0) = 1 (cm. [7], 8.1.2). 

A. JleGer bbcji xohkh x (/-xohkh), ^jin Koxopnix cymecxByex lf{x) c 
ycjioBHeM 

1 

lim — / \f{x + t) — lf{x)\dt = 0, 

|/i|^o h Jq 

H flOKa3aji, nxo ^Jin jnoGon (JiyHKRHH / G Ai(T) nonxn Bce xohkh 
HB jnHoxcn ee xonnaMH JleGera. KpoMe xoro, oh flOKa3aji, nxo cpe^Hne 
apHcJiMexHHecKHe nacxHwx cyMM Oypne {{C, l)-cpeflHHe) 

^ nTT ^ '5m(/) = X] “ r"+t) 

m =0 k=—n ^ ^ 


^m{f) ^ ^ fk^k 

k=—m 

CXO^^HXCH K lf{x) BO BCCX /-XOHKaX JH060H (JiyHKRHH / G Ll(T) 

(cm. [ 5 ], [ 6 ], [ 8 ]). JXjis cxo^hmocxh bo bccx xohkhx JleGera hmccxch 
K pHxepHH B xepMHHax "ropOaxofi" Mancopanxm Mo^yjin sppa [ 9 ], 
a B cjiynae Xk^n = ^(;^) - b xepMHHax npeo 6 pa 30 BaHHH Oypne 0 
(xoHHee, 0 ( 0 ) = 1 H 0 npHHa^jiejKHx ajireGpe A*, onpe^ejieHHe Koxopon 
oxjiHHaexcH ox onpe^ejieHHH A(M) (cm. HHHce ( 4 )) xeM, nxo bmccxo 
(7 G Li T^ojiJKHO Gbixb ess sup|,,,|>j |^(a:)| G Li[ 0 ,+oo) ([ 7 ], 8 . 1 . 3 ). 

B Hacxonmefi cxaxne Oy^^eM HBynaxn cxo^^hmocxh bo Bcex xonnax 
x, B Koxopnix T^HcJicJiepeHRHpyeMa cJiyHKRHH F[x) = Jq fit)dt, x.e. 
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cymecTByex npe^eji 

lim = lim I r f{x + t)dt = df{x) (rf-TOTKH). (3) 

h^O h h^O hjQ J \ y \ 

Ha cxo^HMocTH BO Bcox (i-TOTKax cAe^yex cxo^hmocxb b /—xoTKax 
{df{x) = lf{x)), a H3 cxo^HMocxH BO Bcox /-xoTKax cjie^yex cxo^hmocxb 
no HopMe na boom npocxpancxBe Li{T) (n C(T)). 

r. Xap^H ^oKaaaji ([10], xeopeMa 253), nxo {C,a)— cpe^nne pn^oB 
Oypne npn a > 1 cxo^nxcn bo Bcex rf-xonnax n oxmoxhji, nxo (C, 1)- 
cpe^nne cr„(/) (cm. (2)) Moryx n pacxo^nxBcn b (i-xonnax, ^ejian 
ccBijiKy na [6]. H.K. Bapn ([8], rji. I, §49) naaniBaex cxaxnio JleGera 
[11], B KoxopoH ecxB 9XOX pcsyjiBxax o (7n{f)- Abxop ne nameji 
flOKaaaxejiBcxBa sxoro (Jiaxxa n nojiynnji ero na cjie^yioniero KpnxepnH 

CXO^IHMOCXH (Tn{f) B (i-XOnKC (cM. HHJKC CJICJICXBHe 13■4p . 

TeopeMa 1.1. Ecau x - d-mouna ^yuKv^uu f G Li{T), a 

1 /■* 

Fx{t) = - f{x + u)du, 
t Jo 

mo 

lim ((T„(/; x) + Sn{F^-, 0)) = df{x) + F^{0) = 2df(x). 

n—>-oo 

BoAee mozo, 

( In Ti 1 \ 

u{F^] -) + - , 

n n J 

ede u - ModyAh Henpepuenocmu F^ na [—tt, tt] . 

KpoMe xoro, b nacxonnien cxaxne ^OKaaano oGipee ^ocxaxonnoe 
ycjioBHe cxo^iHMocxH cpe^HHx (1) BO Bcex (i-xonnax b cjiynae Xk^n = 
0(^^) HjiH, nxo xo >Ke canoe, Xk,e = 4>{^k) (e \ 0). ,n,ji3 
ero 4)opMyjiHpoBKH nanoMHHM onpe^enenne annepoBCKon GanaxoBon 
ajireOpBi: 

/ + 00 

g{t)e~^^^dt, \\f\\A = ]b]|Li(K) < oo}. (4) 

■OO 

TeopeMa 1.2. Uycmh eapuayuH (^yuKyuu cj) KOHenua (cj) ^ V) e 
HCKomopou oKpecmnocmu nyAA, 0(0) = 1, x(j){x) G Li(R), 0 G H(R), 
a x(j)'x G y4(R) n Li(R). Tozda eo ecex d-mounax Atodou ^yHKyuu 
/eLi(T) 
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Bojiee cjiaGoe yxBepjK^eHHe ^OKasano b [12], Otmcthm eme, hto 
He^aBHo no3BHjiacB oGaopnaH cTaxBa [13] o BHHepoBCKHx ajireGpax. 

B §2 npHBe^eHBi 4 jieMMBi; ^oKaaaxejiBcxBo xeopeM 11.11 11.21 h 
CJieflCXBHH H3 HHX CM. B §3. B §4 npEBeflCHBI HOBBie npHMepBI (mcxo^bi 
cyMMHpoBaHHH BajiJie-IIycceHa, Oenepa-^IjKeKcoHa, Pncca, xnna 
AGejiH-IIyaccoHa, xnna PoroaHHCKoro-BepHinxefiHa) h xpn aaMenaHHii. 


2. BcnOMOrATEJIbHblE nPEflJIO>KEHH5I 

/loKaaaxejiBcxBo xeopcMBi 11.11 npHBe^eHHOH bo BBe^ennH, ocHOBano 
Ha cjie^yiomeM paBCHcxBe. 

Lemma 2.1. 

2sm^^'^{t) = 2^n{t) cos^ - Dn{t) cos^ - ^cos(n+ + 
ede 

1 sin(n + l)t 

Dn{t) = - + >^ cos fct = 


k=l 


2 sin 


t ) 


^ 1 k . , sin^(n + l)| 

= - + 7 (1--) cos kt = — -- -^ 

9 2(n + l)sin2| 


2 ^ n + 1' 

k=l 


^OKasaxejibCTBO. IIojiyHaeM nocjie^oBaxejiBHo 


2sm-4>;(t) 

U 1 h ^ 1 

= “ 9 )^ “ - 1)(1 - cos{k - -)t 


k=l 

n+1 


k=l 


n + 1' 


2fc 1 ^ 

y (1 - — + —y-;-) COs(/c — -)t 

k=l 


n+1 n + 1' 


Ed 

k=0 


2k 1 ^ E 

-) cosi/c H— )t, 

n+1 n +1^ ^ 2^ ’ 


a 3HaHHx, 3X0 paBHo H cpe^HCMy apHcJiMexHHecKOMy nocjie^HHx ^Byx 
cyMM, x.e., 

n „, ^ n 


t 


COS 


)cosfct+ ^^^ ^ ^^ y~~^(cos(fc- )t — cos{k ^ - )t) 


-Yii- 

2 ^^ n + V 2(n + l)^ 

fc=i \ ' J 
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t ^ ^ ” 

2cos-> (1- ) cos kt —cos - y cos kt 

n + v 


k=l 

1 t 1 


k=l 


+ - COS -cos(n H —)t + 0(—) 

2 2 2 ^2^ 

= 2cos^($n(t) - -cos^(D„(t) - 

1 ^ 1 / In 

H— cos-cosin H— )t + Ui — ) 

2 2 2 ^2^ 

2cos|<l>„(t) - cos^Dn{t) - ^cos{n + ]-)t + 0{-). 

Zi Z Z Z Th 


JIcMMa flOKasana. 


Lemma 2.2. Ecau Ao,n = 1, lim^^oo Afc,n = I {k e Z), lim|fc|^oo Afc,n = 

0 (n e N) ti 

sup ^ I AAfc,n| = sup ^ \Xk,n “ Afc+i,n| < OO, 

"■ fcez ” fcez 

ndpa Kn a6coAmmHo nenpepuenu, a npu neKomopoM 6 G (0,7r] (e 
0603HaHeHUAX (1)) 

sup / \tK'^{t)\dt < OO, 

n J-S 

mo 60 ecex d-monnax ^yuKv^uu f G Li(T) 

lim [ f{x - t)Knit)dt = df{x). 

n->-oo Zn J-TT 


B uacTHOM cjiyuae uexHoro u^pa Kn u 5 = tt 3to yTBepjK^euue 
co^epjKHTcu B [10] (xeopeMa 71) u [6]. Ho ^oKaaaxejiBcxBo, no cyxn, 
ne Mennexcn. 

HepeBc^eM xenepu nnxerpajiBHoe ycjioBne jicmmli 12.21 b ycjioBnn na 
K03(|)4)HU,HeHXBI {Afc^„} U^ipa Kn- 

Lemma 2.3. Ecau K{t) = 'Yhk&z^kd^^^ u liiH|fc|-j.oo ^A^ = 0, mo 

r \tK\t)\dt<^ r \Kit)\dt + ^ r 
J-W J-TT J- 1 T 

npu ycAoeuu, nmo npaean nacmu KoueHua. 


^OKasaxejifcCTBO. 

B cHjiy nepaBencxBa f |m| < Isinul npn |u| < | 


\tK'{t)\dt<^ j |2sin^i7'(t)|(it = I 


12 sin - ^ k\kE^^\dt = 


fcez 
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■^-'^ k&z k&Z 

Ocxajiocb ynecTb, hto 

A{k\k) = kXk — {k + l)Afc+i = /cAAfc — A^+i. 

Lemma 2.4. Ecau f G A(R) fl Li(R), mo npeo6pa3oeaHue (Pyphe 
f ^ Li. 


^OKaaaTejibCTBO. 

Ecjih g ^ Li, a npeoGpasoBaHHe ®ypbe 

1 

V27r 

TO g{y) = 'g{—y) - o 6 paTHoe npeoGpasoBaHHe ®ypBe. Ecjih h ^ G Li, 

TO, KaK HSBeCTHO, HOHTH BCIO^y 

9 = 9 = 9- 

AIoKanceM, hto ecjiH 

F = Fi,Fi ^ Li,Fi = F2, F2 E Li, 

TO F = F2 nOHTH Bcio^y. 

B CHjiy (JiopMyjiBi yMHOHceHHH, npHMeHeHHOH RBa.>K ,n BT (cHHTaeM g h 
9 ^ -^ 1 )) 



Tax HTO flJIH Bcex XaKHX cJiyHKRHH g 

f {F - F2)g = 0, 
Jr 



g{x)e 


r^e F G C'(R), a F 2 G Li. 

AIoKanceM, hto F = F 2 hohth Bcio;];y na jiio6om oxpesKe [a,b]. 

OToro flocTaxoHHo flOKaaaxB, hto JI^{F — F 2 ) = 0, xax Kax xor^a hs 
paBCHCTBa J^(F — F 2 ) = 0 cpaay cjie^yex, hto nponsBo^Haa F — F 2 = 0 

nOHTH Bcio^y. 

AIjih annpoKCHMapHH cJiyHKRHH gQ, Koxopaa paana e^HHHpe na [a, b] 
H Hyjiio BHe [a, b], BosBMeM nenpepBiBHyio cJiyHKRHio gn, Koxopaa paana 
e^HHHpe Ha [a + ^,b — g'„(a) = gnib) = 0 h jinneHnaH na [a, a + ^] 

H [6 - A, 6], OhOBH^HO, HTO gn^dn^ Li, HOOXOMy jl{F - F2)gn = 0. 
KpoMe xoro, 


F-{g- gn) 




G, 


a,6] 


\9-9n\ < -\\F\\c^a 


[o.b] 
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H 


F2-{g- Qn) 


< 


1 ^ 2 ! I I 


H yTHTLiBaa eiu;e, tto \g — gn\ ^ 1 , motkho nepefi™ k npe^iejiy npn n — )■ 
00 B cHJiy xeopeMBi JIe6era o MajKopnpyeMOH cxotihmocth. IIojiyTaeM, 

TTO J^{F — F 2 ) = 0, n F = F 2 noTTH BciOTiy. 

ripH ycjioBHHx jieMMBi [231 SepeM F = f,f G Li. Tor^ia Fi = / G 
74(M). IIosTOMy Fi = F2, F2 G Li. Ho TioKaaaHHOMy / = F = F2 G Li. 
JleMMa 12.41 TioKasana. 


3 . 30 KA 3 ATEJIbCTBO TEOPEM. CjIEflCTBHH 


^OKasaTejibCTBO TeopeMbi II.IL npHBefleHHoii bo BBeflOHHH. 

IlycTB cHanajia /o G Fi(T), df{0) = 0 h 

Fo{t) = 7 / f{u)du, Fo(0) =0, Foe ^[-77,77]). 

^ Jo 


Tor^a, npHMeH33 HHTerpnpoBaHHe no nacxnM, nojiynaeM 


o-n(/o;0) = 


77 


fo{t)^n{t)dt = 


sin^(n + 1 ) 


77 L 2 (n + 1 ) sin 


2 I 
2 


fo{u)du 


+ 


- [ Fi{t)2sm^<l>'^{t)dt, 

^ J — TT ^ 

r^e Flit) = Foit) BnennxerpajiBnbin njien ecxb 0(7). 

ripHMenneM jieMMv 1231 

CIn(/o;0) = - / Fiit)cOS^^nit)dt-- [ Fi (t) COS 

J-TT J 77 2 


1 

2 


FFt) cos(n H— )tdt + 0{—). 

2 n 


Tenepn ox Fi BcpneMcn k Fq c openKon norpemnocxn. 

Ecjin h G Lipl na [—77,77], xo npoponncan Fon h nyjiCM na M\[— 77,77], 
HMeeM npn A 7^ 0 



Foit)hit)F^^dt 


O 



) + 



( 5 ) 


(poKaaaxejiBcxBo npnBepeno nnjKe). 
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OneEH^Ho, HTo 4)yHKn;HH h{t) = {\tctg^ — 1) ^^.^2 i orpaHHHena 

Ha [—7r,7r], KaK h ee npoHSEo^Han. HosTOMy, yHHXEiBaH eme 
orpaHHHeHHocTE Fq h sin, nojiynaeM 

t 


{Flit) cos- - Fo{t))^n{t)dt 


n + 1 


Fo{t)h{t) sin^(n + l)-dt = O 


(Flit) cos- - FQ{t))Dn{t)dt 


Fo{t)h{t) sin - sin(n + -)tdt = O ( u{Fo; —) H — 


n n 


H 


{Fi{t) - Fo{t)) cos(n + -)tdt = O ( u{Fo; . 


n n 

TaKHM o6pa30M, 

^n(/o; 0) = 2 (T„(Fo; 0) — SniFo; 0) + 0{u{Fq] —) H—) 

n n 

Orchhm cKopocTE cxpcMjieHHH K Hyjiio a„(Fo; 0) = cj„(Fo;0) — Fo(0) 
Hcpea Mo^yjiE HenpepniBHocxH Fq na [— 71 , 11 ]. 


|an(Fo;0)| = 


TT 


(Fo(t) - Fo{t)))^n{t)dt 


< 


TT 


a;(Fo; \t\)^n{t)dt. 


PIsBecxHo, Hxo npH A > 0 

^^(/;A|m|) < (A + l)a;(/; |m|). 

IIooxoMy 


|o-n(-^o;0)| < uj{Fo; 


ln(n + l) /I n (n + l)|t| sin^(n + l)| dt 


n + 1 \n J\n{n + 1 ) 2sin^| n + 1 


+1 


Ilocjie npHMCHeHHH B sHaMCHaxejie HepaBCHcxBa 1^1 < ^|sinn| npn 
|n| < I nepBoe cjiaracMoe b cKoGnax hc 6ojiBme 


TT 


sin^(n + 1); 


ln(n + 1) Jo 
Tax HXO 


-dt = 


TT 


■l+n+l) - 2 


ln(n + 1) Jo 


sin u 


u 


|i^o(0) - an(Fo;0)| < cw ( Fq; 


ln(n + 1) 
n + 1 


Cjie^oBaxejiBHo, 


(^nifo'i 0) + Sn{Fo', 0) — O ( w(Fo; —^ 


du = 0(1). 


(6) 
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IlycTL xenept x - npoHSBOJitHaa (i-xoTKa (J^yHKRHH /. 

ripHMeHHM ^oKaaaHHoe cooxHomeHne k (J^yHKRHH fo{t) = f{x + t) — 
df{x). ripH 3XOM 


Fo{t) 


f{x + u)du 


df{x). 


Tor^a 


x) + Sn{F^] 0) - 2df{x) 


O 



ln(n + 1) \ 

n+1 J 



Ocxajioct. flOKaaaxb HepaBencxBo (5). 

riocjie npocxBix npeoGpasoBanHH (Hl/lloo = ess sup|5'(t)|) 

1 


Fo{t)h{t)F^^dt 


{Fo{t)h{t) - Fo{t + j))h{t + j))dt 




{Foit)-Fo{t+^)h{t)F^^dt+ I Fo{t+^){h{t)-h{t+^))F^^dt 


71, 


71, 


,*AO 


A 




< 


vr. 


' —OO 

poo 


Fo{t) — Fo(t + —)\dt 


2 11 Fq 11 OO 


TT, 


\h{t) - h{t + -)\dt. 

A 


ripu A > 0, uanpuMep, nepBuiil unxerpaji paBeu 


71 , 


|-^o(^ + 'j)\dt + 


l-^o(^) ~ FQ{t + —)\dt + 


A^ 


\Fo{t)\dt 


^ 2||Fo||oo ■ ^ + 27iu{Fo] —). 

Hpu xaKOH >Ke opeuKe Bxoporo unxerpajia uyjKHo eipe yuecxB, uxo 
Ag;l) < Wg'Wocj- 

HepaBeucxBo (5) poKaaauo, a c hum h xeopeMa ll.il 
IIpuBepeM uecKOJiBKo cjiepcxBHil. 


Corollary 3.1. Ecau x - l-mouKa (fiyuKguu f G Li{T), mo pnd 0yphe 
(^yuKunu F^{t) = j Jg /(x + u)du e uyAe cxodumcA. 

AJjih poKaaaxejiBcxBa pocxaxouuo npuMenuxB xeopeMv Il.lI u xeopeMy 
JIe6era, ynoMHuyxyio bo BBepenuu. 


Corollary 3.2. /I,ah mozo umodu lim„^oo c’'n(/; x) = df{x), 
HeodxoduMO u docmamoHHO, nmodu cxoduACH e nyAe pnd 0yphe 
HenpepueHou (jjyHKyuu F^. 
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Corollary 3.3. {C,a)-cpedHue psidoe 0ypt>e npu a > 1 cxodsimcH eo 
ecex d—moHKax. 

flOKaaaTejibCTBa na ocHOBannH xeopeMBi 11.11 ^ocTaxoBHo 
npHMeHHXB K npe^ejiBHOMy cooxHomenHio xeopeMBi (C, e)-cpeflHHe npn 
e > 0. IIojiyHHM 

lim(c7^+"(/; x) + 0)) = 2 df(x). 

Ho Fx G C'[—TT.Tr] H nooxoMy a^(Fx;0) Fx(0) = df(x). 

3xox >Ke npneM npiiMenHM h b 6ojiee o6iri;eH cHxyapiiH. 

Corollary 3.4. Cymecmeyem (fiyuKyusi f G Li(T), y Komopou x = 0 
HeAHemcfi d-mounou, a Cnif', 0) = cr^(/; 0) npu n —)■ oo pacxodumcH. 

/],OKa3aTejibCTBO. HpiiMenaeM cjieucxBiie lS^ Ecxb mhoxo pasHBix 
npHMepoB pacxoflHmHxcii pa^oB OypBe nenpepBiBHBix (JiyHKRHH (cm. 
[5-8]). HaM HyjKHa Hexnaa cjiynKpHa Fq BH^a 

tFo(t) = [ fo{u)du, /o G Li(T), 

Jo 

c pacxo^iamHMCH b nyjie pa^OM OypBe. 

BocnojiB3yeMC3 npiiMepoM h3 [6], §4.12 (cm. xaKxce [8], rji. 1, §46). 
Hpii Tifc = 3*^" (A: > 0) H afc = (A; G N) 


HoCKOJIBKy 


Fo{t) = aksmnk\t\ (— < |t| < 

\ Tl]^ 71}^—\ / 

— - HenexHoe hhcjio, a limfc_j.oo In = oo, xo 


—1 


lim Sn^(Fo;0) = oo. 


fc^OO 


OyHKRHH Fq He xojiBKo HenpepBiBHa (Fo(0) = Fo(±7r) = 0), ho h HMeex 
KOHeHHBie O^HOCXOpOHHHe npOHBBO^lHBie B XOHKaX ±— [k > 0). Hpn 

t>0 

/ TT 

(Fo(n) + uFq{u)) du. 

OO 

\uF[^{u)\du = 


Ho 


^ fe -1 


uakUkl cosrifcitI du 


k=l 


< 


A:=l 


1 




TT 


2 Vrifc-i 


< oo. 


CjiejcxBHe 13.41 jioKa3aHo. 

Hepexo^HM k ,i],OKa3aTejibCTBy xeopeMBi 11.21 
HpHMeHHeM jieMMy 12.21 npn <5 = vr h jieMMy 12.31 OyHKRHH 0 G 
C(M) n H(M), xaK KaK H(M) C C'(M) h (^' G Li( 
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IlpOBepHM, TTO (j){x) = o(-) npH |x| —)■ OO. /I,eHCTBHTejIt>HO, 


(pix) = 


r‘H-oo-signx 


(j)'{t)dt = 


p+cxD-signo? 


t ■ 


a H3 ycjioBHH x(p'{x) G Li{R) cjie^yeT, tto 


(x)| <^[ + \(j)'{-t)\)dt = 0 ( 3 ). 

'\x\ 




X 


( 7 ) 


fl/i-S opeHKH cBepxy HHxerpajia ox MOflyjia pa^a OypBe ecxB mhoxo 
peayjiBxaxoB (cm., nanpHMep, [7], n. 7.2). BocnojiBsyeMca cjie^yiomeH 
xeopcMOH H3 [12] (xeopcMa 8 ): ecjiH J2'4’ik)ek - pafl $ypbe (JiyHKRHH 
\1/, xo 

\'^{t)\dt = mm\\'ijjc\\A, 


271 


Ipc 


r^e ipc ^ JiioGaH HenpepBiBHan (|iyHKi];HH c ycjioBHeM 'ipdk) = dik) 
{k e Z). 

yTHXBiBaa, Txo npH A 7 ^ 0 BBinojiHHexcH ||/(A-)||yi = [[/(OIIa, 
nojiynaeM 


1 


\Kn{t)\dt = 


271 




k 


n + 1 


Akt 


dt 


<ll0((n + i)-^-)IU = ||0(-)IU = ||0IU. 

d\jis xaKOH jKe opcHKH Bxoporo HHxerpajia b jicmmc 12.31 nojiojKHM 

k 1 

A:AAfc,n = (pd ——r), (pdx) = nx{(p{x) - (p{x + -)). 

n + 1 n 

HyjKHo flOKa3axB, txo 

/ OO 

9 n{y)e~'-'^^dy, sup | |0n| |a = sup | l^f^l < cx). 

-OO n 

H3 xoro, uxo (p G A(M), cjie^yex, uxo 

/ OO 

g{y)e-^^ydy, ^ G Li(R). 

-OO 

Ho xor^ia 

/*oo 

(pn{x) = nx giy){l - 


( 8 ) 


(9) 


Ho (JiopMyjie o6paiu;eHH5i {g u ee npeoGpuBOBanue Oypue npuuafljiejKax 
Li) 

9 {y) = ^ I (Pd)e'''^dx 
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noHTH Bciofly, a mojkho cHHTaxB h Bcro^y na M. B cHjiy jieMMBi 
PHMana-JleGera lim| 2 ^|_j.oo fi'(y) = 0. y^HTbiBaH xenepB, hxo no ycjioBHio 
xeopeMBi x(j){x) G Li{R), nojiynaeM 

• 1-00 

9\y) = 7r x^{x)e^^ydx, 

J — CO 

a nocjie HHxerpHpoBannn no nacxaM (cm. enie (7)) 


1 

yff'(y) = J +X(j)'{x))e^^ydx. 

Ilocjie nnxerpnpoBannn no nacxnM b (9) hmccm 


( 10 ) 


uc = —tn 




n 




ynnxBiBan , nxo |e®^ — 1| < |x|, npnxo^HM k BBiBo^y (cm. en];e (8)): 

/ OO 

ilyg'iy)] + \9{y)\)dy. 

■CO 

OcxajiocB flOKaaaxB, nxo yg'{y) G Li(R). 

BocnojiBsyeMcn jicmmoh 12.41 ^ocxaxonno npnMcnnxb oxy jiCMMy k 
(J iynKRHH 0(a;) + a;0'(a;) (cm. (10)). TeopeMa ll.2l noxasana. 

IIpHMennn npnanaK SnrMyn^a ([5], x. I, rji. VI, (3.6), cm. xaxjKe 
[7], 6.4.3), nojiynacM 

Corollary 3.5. Ecau (f) G C'(M) n (7^(1^ \ {0}), 0(0) = 1, supp0 C 
[—1,1], a 0(x) u x(j)'{x) G V n Lip e, e > 0, mo 

lim ^ = df{x). 

n.— f ^ \ -v-. i if 


n->-oo ^' \ n + 1 

i<n 


4. nPHMEPbl. 3AMEHAHH51 


IIpHMep 1. 

5I;ipo Oenepa-A^KCKcona Kjyt) = js,nD^(,t), J^^Kn = 27r, 
y^OBjiexBopnex ycjiOBHHM jicmmbi [22] npn jiioGom naxypajinnoM s > 3. 

3xa jicMMa npnMcnnMa n b cjiynae, Kor^a npn nexoxopoM 6 G (0, tt] 
nponsBo^nan n^pa Kn npn jiioGom n ^ N coxpannex anaxH na [0,5] n 
[—5,0]. Tor^a na [0,5], nanpnMcp, 


t\K'^{t)\dt = 


tKn{t)dt 


dKn{6) - / Kn{t)dt 


< csup y |AAfc,n|+sup / \Knit)\dt. 


fcgZ 


n JO 
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A ecjiH K TOMy >Ke ecxt cxo^hmoctl na to HopMti onepaxopoB 

A„, paBHbie ^ \Kn(t)\dt, orpaHHTenBi. 

IIpHMep 2. 

Cpe^HHe BajiJie-IIycceHa (cm., nanpHMep, [10], 4.17) 

t 

An(/;x)= 7 „y f{x-t) cos^-It, A„(l : x) = 1 

cxo 7 ;hxc 5 i bo bccx d—xoTKax. 

IIpHMep 3. 

OyHKRHH (/>(x) = y7,oBjiexBop3ex ycjioBH3M xeopcMBi 11.21 

npH jiioGom q; > 0. Panee cxo 7 ;hmocxb b d—xoTKax Gmia nsBecxHa 
jiHniB npH a = 1 (mcxot; AOejia-IIyaccoHa) h a = 2 (cm. [10], n.3 
npHJIOJKeHHH II). 

IIpHMep 4. 

PaccMoxpHM (p(x) = (1 — |x|")+, a > 0 H /3 > 0 (cpe 7 ;HHe Piicca). 
Cx 07 ,HM 0 CTB B d-TOTKaX HMCeX MCCXO npil JII 060 M Ct > 0, HO XOJIBKO 
npH /3 > 1. 

IIpH /5 > 1 npHMeHHeM cjie7;cTBHe 13.51 Ilpn /5 = 1 to jkc cjie7,cxBHe 
npHMeHHeM k paanocxH 

(1 - |x|")+ + a{l - |x|)+. 

Ho 7,JI5I (C, 1) Hex CX 07 ,HM 0 CTH BO BCCX (i-XOHKaX 7;jI5I Bcex / G Pl(T) 
(cm. cjiejicxBHe 13.4p . Cjie7;oBaTejiBHo, h 37;ecB Hex. A ecjiH 6 bi xaKaH 
cxo 7 ;hmocxb Gmia npn /? < 1, xo ona Gmia 6 bi h npn j3 = 1 (cm. 
cooxBexcxByioniyio xeopeMy hpohsbojibhbix hhcjiobbix p5i7;oB b 
[ 10], xeopeMa 58). 

IIpHMep 5 (MexoT, xnna PoroaHHCKoro-BepHmxeflHa). 

Poro3HHCKHH H3yHaji paBHOMepnyio cxo 7 ;hmocxb npn n ^ oo 

cpeflflRX 

K"” ^+s)+■ s)) A'") ’ 

^ k=—n ' 

a C.H. BepHHiTeHH - 6 jih 3 khx ho H 7;ee cpe7;HHx 

^ (sn(/; t) + (^/; X + 0 y 

Hpn cpaBHeHHH cKopocxH cxo 7 ;hmocxh (ho HopMe) hx 
annpoKCHMaxHBHBie cBoflcxBa oKa3ajiHCB pa3HBiMH: b nepBOM 

cjiynae xohhbih nop 5 i 7 ;oK npnGjiHJKeHHH U 2 {f]^) (M 07 ;yjiB rjia 7 ;KocxH 
BToporo nop5i7,Ka), bo BxopoM - u{f] ^) (cm., HanpHMep, [7], 8.5.1). 
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PaccMOTpHM o6iri;He cpe^nne xiina PorosHHCKoro-BepHinTeHna 

/ CXD 

l^l<i 

r^e npH |a;| < 1 

roo 

ip{x) = / 7 G M, ip{x) = 0 (|x| > 1), (p(0) = 1, 


a /i - KOHeHHaa na M KOMnjieKCHosHaHHaa Mepa (cm. npHMcp III nocjie 
8.1.4 B [7]). 

B cHjiy TeopcMbi 11.21 ecjin eipe <y9'(±l) = 0 h 



\t\‘^\dfi{t)\ < oo, 


TO HMeeM CXO^HMOCTb BO BCCX d-TOHKaX. EcjIH JKC HC BBinOJIH3eTC5I 
ycjiOBHe (/?'(±1) = 0, TO npaMenneM TcopcMy k paanocTH 

-\{^\^) - 7’'(-l))(l - |a:|)+ - ^(<^'(1) + 7^'(-l))(l - |a;|)+signx. 

^JI3 HCTHBIX (liyHKRHH / HyjKHa HHcJlOpMailHH O nOBe7,eHHH Cpe^HHX 
apHcJiMCTHHecKiix (Jn{f) (cM. cjie7;cTBHe 13.4P a 7;ji3 HeneTHBix 
(JiyHKIlHH HSBeCTHO, HTO CCJIH 0 - TOHKa JIcGcra, TO 7,JI5I Bcex / G 

Li(T) c ycjioBHeM = oo, lim^^oo c’'n(/, 0) = oo (cm. [5], 

T. I, rji. Ill, (3.20)). A cpe 7 ;HHe PorosHHCKoro (cJiHHHTHaH (JiynKpHii 
(p{x) = cos^, |x| < 1) H cpe 7 ;HHe BepHinxcHHa ((jiHHHXHaii (|iyHKi],HH 
(p{x) = cos^ ^ + Isinvrx, |x| < 1) cxo7,3tc5i bo bccx xoHKax JleOera, 
xaK KaK sup|j^|> 2 , |(,3(i/)| G Li(M+) (cm. 8.1.3 b [7]), ho hc Bcer 7 ;a - 
B (i-TOHKax. Ecjih jkc npHMCHHTB K HHM eni;e cpe^HHc Pncca npn 
a > 0, /? > 0, TO HOJiyHHM cxo7;hmoctb bo bccx (i-xoHKax. 


SaMenaHHe 1. 

B 7,onojiHeHHe k jicmmc 12.11 npHBe7,eM eme hcckojibko paBCHcxB, 

KOTOpBie MOJKHO HpHMeHHTB, HanpHMCp, K COnpHJKCHHBIM pH7;aM 

Oypne. 

IIpH 

n 1 ^ 

Dn{t) = V] sin kt, ^n{t) = -^ V] Dk{t) 

n + 1 


2sin^l>;(t) 

= -2cos^l'(t) + cos ^Dnit) - ^sin^ + ^ sin(n + + 


1 ) 
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2 ) 


k 


(1 - e -“) 5^(1 - —— 
n + 1 


fc=i 


1 


k 


= (1 + V - 2 V(1 - 

^ n + r ^ n + r 

k=^ /c=0 


Akt 


3) 




k=l 


n+1 




k 


Akt 


k=l k=l 


n+ 1' 


SaMenaHHe 2 (o npasHaKe CajieMa paBHOMepnofi cxo^ihmocth 
pH^OB OypBe). 

IIpHMeHHM TeopeMy 11.11 k nepno^HTecKHM cJiynKpHaM h3 C'(T) 
{df{x) = f{x)). Tax KaK 

Fxit) = - I f{x + u)du= j f{x + tu)du, 

^ Jo Jo 

TO 

u{F^-,h)= sup \FA)-FA + d)\ 

— 7T<t<t-\-S<t-\-h<'K 

<u{f-,h)= sup \f{t) - f{t + 6)\. 

0<5<h,teT 

lIojiyuaeM, yuuTBiBau eipe (6), 

sup |/(a;) - s„(F^;0)| = O . 

xeT \ n n J 

3to ueKOTopau cbusb Meac^y cKopocTBio cxo^hmocth pu^a Oypue 
(JiyuKRUH / H npouHTerpupoBauHOH (JiyuKRUu. 

A B cHJiy upuauaKa CajieMa (cm. [5], rji. IV, §7), ecjiu / G C'(T) u 
/o = 0, a F{x) = f, TO npu n-)■ oo 

IT - S„(Olloo = o(l) ^ 11/ - S„(/)||oo = o(l). 

n 

Ha caMOM ^ejie, Bepuo u o6paTHoe yTaepac^enue, T.e., hmccm 
K puTcpuH paBHOMepuoH cxo^HMocTH pu^oB OypBc (ccJiopMyjiHpoBaH 
B [7], 2.5.12). JJjiii flOKasaTCJiBCTBa ototo ^ocTaTouuo npuMenuTB 
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H3BecTHoe HepaBencTBo Bopa-BepHniTefina (cm., nanpHMep., 5.5.2 b 
[7] npH r = 1); 

||F-^n(F)|U<^^||/-^n(/)||oo. 


Ecjih jkc npH^epjKHBaxBCH flOKasaTCJiBCTBa CajicMa (cm. xaM jkc b [8]), 
xo nojiynaeM cjie^yiomHH KpnxepHH cxo^Ihmocxh b xobkc pa^a Oypxe 
HCnpepBIBHOH (JiyHKRHH: 

fix) - Snif; x) = o(l) Fix + ^)- SniF; x + ^) = o(-). 

2n In n 

,Z],eHcxBHxejiBHo, paBHOMcpHo no x G T (cm. [8], rji. IV, (7. 4)) npn 



]-isniF-xF^)-SniF-x)-^fix) = -(s„(/;x)-/(x)) + o(-). (11) 
2 2n 2n n n 

YnxcM xenepn, nxo npn /(x) = F'(x) G C(T) 


TT 

2n 


fix) 


1 / ^/ 71 N 




( 12 ) 


H 

(jJ 2 iF] h) < huiF'] h) = huif] h) = o(/i). 


Ho xor^a 


H (cm. eme xonHBiH nopn^OK opnGjinncenna b npnMepe 5) 

^isniF; x + ^) + SniF; x - ^)) - F(x) = o(^). (14) 

Cnjia^lBiBan paBcncxBa (11)-(14) n yMnoncan cyMMy na (-1), nojiynacM 

Fix + ^) - SniF] x+^) = -(/(x) - Snif] x)) + o(-) 

2n 2n n n 

(a^ecB MOJKHO aaMCHHXB na -^.) 


SaMenaHHe 3 (o hcoGxo^Ihmom ycjioBnn cyMMnpyeMocxn). 
Jfjis cxo^iHMOcxH na bccm npocxpancxBC Bi(T) cpe^nnx 


A^x) = XkJkF^^ 

\k\<n 


(xcM Gojiee, cxo^Ihmocxh b Axonnax n d-xonKax) neoGxoflHMa 

orpannneHHOcxB nopM onepaxopoB A„: 


sup 

n 



n 

'Y^Xk,nF^^\dt < oo. 

—n 
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Chtioh TioKaaaji, tto npn neKoxopoM THCJie c > 0 npn Bcex n h 

I ^k,n I 


/ 7J- It, 10 


lfcl + l' 


IIpHBeTieM 3X0 TioKaaaxejiBcxBo, ocHOBanHoe na nsBecxHOM 
HepaBCHcxBe XapTiH-JliixxjiBByTia. HneeM 




2n 


k=0 

OxcioTia cjieTiyex, txo 

/* 7 T ^ PTT ^ 


J2>^k-ne^’'Vt 

0 


= Cl 


X 

k=—n 


I 


n — |fc| + 1' 


Y, 


> c, W 

T) — 


n—\k\ + l ^ n — \k\ + 1' 

k=-n ' ' k=0 ' ' 


n — 


I 


Coe^HH355 3TH ^Ba HepaBeHCTBa, nojiynaeM 

«7i- n 1 ^ I \ 


n — |A:| + l’ 


xTie Cl - KOHcxanxa h 3 HepaBencxBa XapTin-JlHxxjiBByTia. 
Ho yjKe noAyTeno 6oAee ciiABHoe HepaBencxBo ([14]); 



OO 


OO 


'^Xke"^^\dt > 02 '^ 

1 S=1 



1_ 

2 


HoBxopaa npexBTxy TTT Me paccyTiyreHHa, mojkho nojiyTHXB 6oAee 
CHABHoe HeoGxoTiHMoe ycAOBHe cxotihmocxh no nopMe b 1vi(T) h 
C(T). 

SaMexHM xenepB, nxo nnxerpajiBHoe ycjioBne jieMMbi [2^ He aBjinexcn 
neoGxoTiHMbiM cxotihmocxh b d-xonKax. JXjis TioKaaaxejiBcxBa 

3X0X0 paccMoxpHM Mexo^i, cyMMHpoBaHHH JleGera 


An(/;x) 


00 . , 

V- sm ken f ikx 


(Cn 0). 


— 00 
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(cm. [8]). 5I^po 


CXJ . J 

^ y 

^ ken 


HeoTpHRaTCJibHo, TaK KaK (BocnojibsyeMCH eipe pas xeopeMOH 8 h3 [12]) 


l = ^j Kn{t)dt<^j \Kn{t)\dt 


sin xen 


sinx 


1 


= 


= 

- e ^"^ydy 

X€.n 

A 

X 

A 

2 J-i 


CyMMHpyeMocTb hmccm hc tojibko na ili(T), ho h b ci-TOHKax, xaK 
KaK 

r \ ff \ V F{x + en) - F{x - en) . 

lim An{f;x) = lim ---= df{x). 

n^oo n^oo 

IIpOflHcjKjiepeHRHpOBaHHBIH pHfl Kn HC HBJIHCXCH pH^OM OypBC, XaK 
KaK ero KOOcJlcJlHRHeHXBI He CXpeMHXCH K HyjHO. rioOXOMy H^po He 
MOHcex 6 bixb aGcojiioxHo HenpepBiBHBiM. KpoMe xoro, oxox pa^ b cHjiy 
xeopeMBi KaHxopa-JIe6era (cm. [5], [8]) pacxo^HxcH hohxh Boo^y. 
VKaHceM xenepB npocxoe HeoGxo^HMoe ycjioBHe. 

Ecjih cpe^HHe pn^oB Oypne, onpe^ejineMBie H^ipoM Kn, cxo^ihxch b 
( i-xoHKe 

1 /./i ^ i^h 

lim — / g{t)dt = 0 , limsup— / \g{t)\dt > 0 
h^o h Jq h^o h Jq 


{dg{0) = 0 H 0 He HBjiHexcH /-xohkoh), xo npH jhoGom 6 G (0, tt] 

lim [ g{t)Kn{t)dt = 0. 
n^oo Jo 

B KanecxBe xaKOH cJiyHKRHH g BosBMeM, nanpHMep, cjie^yiomyio. 
IlycxB {xs}[(°-nojio>KHxejiBHaH nocjie^oBaxejiBHocxB, y6BiBaioin;aH k 
HyjHO, a Xq = TT. IIojiaraeM g(t) = (—1)^ npn t G (xs+i,a;s] h 
g(t) = 0 npH t G [— TT, Oj.JIexKO npoBepnxB, hxo dg{0) = 0 b xom 
H xojiBKo B XOM cjiyHae, Kor^a lim = 1. Cjie^oBaxejiBHo, 

Bcex H^ep H3 npHMepoB 1-5, npHBe^eHHBix BBime, npn jhoGoh xaKofi 
Hocjie^oBaxejiBHocxH h 5 G (0, tt] 


lim 

n^oo 





Kn{t)dt 


0 . 


s=0 


^s+1 
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